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Differential-Turning Optimality Criteria

Henry J. Kelley*
Analytical Mechanics Associates, Inc., Jericho, N. Y.

Circling encounters between aircraft modeled in energy approximation are studied in a differen-
tial game setting. Capture is defined in terms of turn-angle and a derived altitude-match require
ment. Target sets and their capture subsets are defined and the computation of boundaries dis-
cussed and illustrated. A sufficient condition guaranteeing capture of an optimally-evading oppo
nent in a turning chase is obtained which involves energy-rate/turn-rate "hodograph figure'* com-
parison.

Introduction

STANDARD practice for maneuvering performance com-
parison of conventional fighter aircraft is to overlay con-
tour plots of excess power and sustainable turn-rate in the
Mach-altitude chart. For the type of protracted turning
competition that spirals down to low altitude and sub-
sonic/transonic speeds, a rough indication of superiority is
furnished by comparison of the maximum sustainable
turn rates for the two craft, which are ordinarily devel-
oped in this region. Although superiority in maximum
sustainable turn rate permits a pursuer to close the gap in
a turning chase, actually realizing a firing opportunity de-
pends as well upon his closing off an upward escape route
as the attack is pressed. This ability to stay with an evad-
er in a pull-up requires adequate specific energy in the
final phase of closure, and the requirement has important
implications on the ability of the pursuer to develop a
closing turn-rate in this phase. The effect will be marked
if the two opposing craft exhibit their best sustainable
turn-rates at substantially different velocities, and the
likelibood of this is increased if one has variable geometry
or thrust-augmentation of lift, or if both have such fea-
tures in differing fashions and amounts. Turn-rate com-
parison criteria suitable for such situations are presented
in the following.

The analytical approach taken makes use of asymptotic
("energy") modeling1'2 and a differential gaming formula-
tion similar to that of the earlier study of Ref, 3. The
present analysis drops the requirement of altitude proxim-
ity between pursuer and evader considered earlier, except
for matching of the altitudes at the terminal point.

Analytical Formulation

Consider as a preliminary the problem of a single air-
craft turning through maximum heading change in fixed
time with final altitude and path angle to the horizontal
specified, final energy open. The equations of motion are

E =

h = V sin y

g FL cos/i l
y — 2- ————~- - COSVv L w

(i)

(2)

Received December 16, 1973; presented as Paper 74 23 at the
AIAA 12th Aerospace Sciences Meeting, Washington, D.C., Janu-
ary 30 February 1, 1974; revision received August 16, 1974. Spon-
sored by the Office of Naval Research under Contract N00014-
73-C-0328. Thanks are due to L. Lefton and A. Michalowski for
assistance in the research, and to S. Pines, J. Boyd USAF, and
W. Ardern USAF for stimulating discussions.

Index categories: Aircraft Performance; Military Aircraft Mis-
sions.

*Vice President. Associate Fellow AIAA.

VW

(3)

(4)

These contain a thrust-along-the path simplification
which, however, is not essential. Here E - [h ~f (V2/2g)]
is specific energy, x is heading angle, and JJL is bank angle.

When an order reduction to an energy model is effected,
the 'lost' boundary conditions are the two on altitude and
path angle, this shortcoming of the reduced-order approxi-
mation to be alleviated with a "boundary-layer" correc-
tion.2 The order-reduction yields the relationships sin 7 =
0 and

L cosjj, = W cos y (5)

These determine path angle 7 and lift coefficient C^.

y = 0 (6)

(7)<?S cosjj.

The inequality constraint on lift coefficient

CL < CL (M)

translates into
W

qS COSJLL - CL(M)

(8)

(9)

which, for purposes of the reduced-order solution, is an in-
equality constraint involving both state and control vari-
ables. The highest altitude allowed by this constraint,
which occurs for /j. — 0, must, at the terminal point of the
path, equal or exceed the specified final altitude. Evalu-
ated at. the specified altitude, the constraint thus becomes
a terminal state inequality restricting the final specific
energy,

At each energy level, there is an upper bound on alti-
tude imposed by vertical equilibrium and maximum lift
coefficient

hL(E) -h > 0 (10)

which might be termed the aircraft's "loft-ceiling." This
loft-ceiling of a VTO will, at low energy, equal the specific
energy since hovering at zero velocity is possible, while for
a conventional aircraft, maximum lift coefficient will be
the main determining factor. Between these extremes, the
vertical component of thrust and/or augmentation of lift
will be important in varying degrees.

Reduced-Order Capture

The reduced-order system of differential equations for
each vehicle has the form of the pair (3) and (4) with E



42 H.J.KELLEY J. AIRCRAFT

80 &

"0 J <? J
MACH NUMBER.

Fig. 1 Sustainable turn rates—Aircraft A.

Fig. 2 Sustainable turn rates—Aircraft B.
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Fig. 3 Loft-ceiling vs energy.

and x as state and bank angle /i, altitude h, and throttle 77
(an argument of T) as controls. Altitude match may be
treated in terms of a specification that the pursuer's spe-
cific energy be high enough that his upper altitude bound
equal or exceed the evader's. In this conception, capture
would consist of angular closure, i.e., heading-match, plus
a requirement that the pursuer's loft-ceiling equal or ex-
ceed the evader's.
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Fig. 4 Maximum turn rate vs energy.
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Fig. 5 Pursuer/evader B/B—target and capture sets.

Target and Capture Sets

Data for two aircraft previously examined for turning
performance are used for illustration. Flight envelopes and
Sustainable turn-rates from Ref. 3 are shown in Figs. 1
and 2. Aircraft A is a hypothetical Mach 3 aircraft whose
data are given in Ref. 4. Aircraft B is a version of the F-4.
Loft-ceiling vs specific energy is shown for both craft in
Fig. 3; the close proximity of the two curves at low ener-
gies is coincidental. Maximum turn rates for both aircraft
are shown vs energy in Fig. 4; the intersections of the
aerodynamic and structural limits occur at the energy cor-
responding to the 'corner velocity' at sea level.5

The target set for an aircraft of type B pursuing a simi-
lar craft is shown in Fig. 5; it is that portion of the state
subspace AX - 0 for which the pursuer's loft-ceiling
equals or exceeds the evader's, i.e., the portion on and
above the curve labeled "Loft-Ceiling Match." The shad-
ed portion of the target set is the region in which the pur-
suer's maximum turn-rate exceeds the evader's, as deter-
mined by the characteristics of Fig. 4; this will be called
the capture set. The remaining portion of the target set
will not see capture except at time zero for initial condi-
tions corresponding to capture.

Target and capture sets for three combinations of air-
craft are shown in Figs. 5--7. Figure 5 is for aircraft of type
B in roles of both pursuer and evader. Figure 6 is for A
chasing B, and Fig. 7 for B chasing A. It should be noted
that the possibility of capture at high evader energies de-
pends upon superiority of the pursuer in maximum lift
and/or structural limit load factor.

A Sufficient Condition

A comparison of turn-rates and energy-rates of pursuer
and evader carried out at energies for equal loft-ceilings
leads to a condition whose satisfaction guarantees cap-
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Fig. 6 Pursuer/evader A/B—target and capture sets.
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Fig. 7 Pursuer/evader B/A—target and capture sets.

ture. Elementary arguments are adequate to demonstrate
this because the condition applies only to eventual cap-
ture and does not require minimax-time-optimal maneu-
vers even as references.

Consider the domains of maneuverability of the two
craft in the (x,^/J space, the evader's superimposed on
the pursuer's, with energies of the two chosen so that the
loft-ceilings are equal (Fig. 8). These figures, nonconvex
in the setting of the original problem, are assumed to have
been made convex by "relaxation" in the usual way for
hodograph figures.2 '6 '7

If the pursuer's figure completely envelops the evader's,
without contact, for all loft-ceilings attainable by the eva-
der, capture is guaranteed. To see this, imagine that the
pursuer first matches loft-ceiling with the evader, which
he can do by virtue of the assumed superior E capability;
after this he follows in loft-ceiling, using the turn-rate
margin implicit in the envelopment of one figure by the
other to close angularly. Because the loft-ceiling con-
straint is an inequality, it seems at least a possibility to
obtain a less restrictive sufficient condition, one relin-
quishing energy-rate margin in the left portion of the fig-
ure, say, with more intricate arguments.

The comparison of superposed hodograph figures might
be thought of as a generalization of the turn-rate/energy-
rate trade-off study technique of Ref. 8 to a pursuit/eva-
sion setting.

Sustainable turn-rates and level-flight energy-rates are
plotted vs loft-ceiling in Figs. 9 and 10 for both air-
craft. The sustainable turn-rate associated with each loft-
ceiling value is developed at an altitude determined by
scanning the altitude range for the maximum sustainable

Fig. 8 Superposition of hodograph figures at equal loft-
ceilings.
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Fig. 9 Sustainable turn rate vs loft-ceiling.
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Fig. 10 Maximum energy rate vs loft-ceiling.

turn-rate at the particular energy. The level-flight energy-
rate is similarly determined by a scan. The sufficient con-
dition is not satisfied with either A pursuing B or B pursuing
A.

Conclusions

The target and capture set computations and the hodo-
graph comparison at matched loft-ceiling appear to be of
value for comparing fighter aircraft designs and perhaps
as criteria for designing against "threat" aircraft configu-
rations. Of course, any over-all comparison of designs
should include dash performance and, in this connection,
a "differential-dash" analysis analogous to the present one
appears to be of interest; one would compare sustainable
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speeds (i.e., flight-envelope speeds) at matched loft-ceil-
ings, etc. in a study of a 2-D vertical-plane chase. An ac-
count of differential-turn-maneuvering tactics is given in
Ref.9.
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This paper introduces a new method of providing motion cues to a moving base six-degree-of-free-
dom flight simulator utilizing nonlinear filters. Coordinated adaptive filters, used to coordinate
translational and rotational motion, are derived based on the method of continuous steepest de-
scent, and the basic concept of the digital controllers used for the uncoordinated heave and yaw
cues is also presented. The coordinated adaptive washout method is illustrated by an application
in a six-degree-of-freedom fixed-base environment.

Nomenclature
: angular position break point, rad
= aircraft body axis translational accelerations,

m/sec2
: angular velocity threshold, rad/sec
: coefficient for position penalty in cost function,

per sec4
: angular velocity washout rate, rad/sec2
: coefficient for velocity penally in cost function,

per sec2
: damping parameters for second-order transla-

tional washout, rad/sec
: frequency parameters for second-order transla-

tional washout, rad/sec2
: inertial axis translational acceleration com-

mands, m/sec2
: body axis longitudinal and lateral acceleration

at motion simulator centroid location, m/sec2
: body axis vertical acceleration (referenced

about Ig) at motion simulator centroid loca-
tion, m/sec2
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r.2; Kx.
v.2; Ky

P,q,r

P V , I ; P V
t

= gravitational constant, m/sec2

= longitudinal and lateral cost function
= digital controller gain parameter

3 = longitudinal gain parameters
,3 = lateral gain parameters

= body axis angular velocity commands, rad/sec
= body axis aircraft angular velocities, rad/sec
— longitudinal adaptive parameters
= lateral adaptive parameters
= time, sec
— arbitrary time, set;
= angular rate weight ing coefficient, m4/rad2sec2

— commanded inertial translational position of
motion simulator, rn

— commanded inert ial angular position of motion
simulator, rad

= angular velocity input commands, rad/sec j
= time when \j/ reaches breakpoint , A, sec

T. Introduction

A NEW method of providing motion cues to a moving
base six-degree-of-freedom flight simulation has been de-
veloped at Langley Research Center. The method, coordi-
nated adaptive washout, is based on the idea of coordina-
tion of rotation and translation to obtain accurate longitu-
dinal and lateral force cues in a manner similar to the
work of Schmidt and Conrad.1 '2 The major differences
between the subject scheme and the work of Schmidt and

;|;A dot over a variable indicates the time derivitive of that
variable.


